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Let E be a Banach space over the real or complex field and let 1 * ) denote 
the norm on E. If A is a continuous function from E into E, we will give 
sufficient conditions for the autonomous differential equation 
u’(t) = Au(t) (1) 
to have a unique critical point x, in E and for each x in E there is a unique 
solution u, of (1) defined on [0, co), satisfying the initial condition u,(O) = x, 
and satisfying lim t+m uZ(t) = x, . We also establish sufficient conditions for A 
to be a bijection. 
DEFINITION. If A is a function from E into E and x and y are in E, define 
D+Cx, Y; AI = fg (l~-~+~~~~--~ll-l~-~O h (2) 
Remark. The limit in (2) exists, for example, from the fact that the func- 
tion h -+ 1 x - y + h[Ax - Ay] 1 is convex. 
EXAMPLE 1. Suppose that A is a continuous linear function from E into 
E, 11 A 1) = sup{1 Ax I : I x ( = l}, and p[A] = lim,,,+(ll I + hA 1) - 1)/h 
(where I is the identity function on E). Then 
/L[A] = sup{D+[x, 0; A] : 1 x I = l}. 
See the remark following Lemma 3.2 in [3]. Coppel ([2] p. 41) gives some 
formulas for computing p[A] when A is a square matrix. 
EXAMPLE 2. Let E* denote the dual of E and for each x in E let F(x) 
denote the set of all membersfof E* such thatf(x) = I x I2 and If I = ) x I. 
In [l] Browder defines a function A from E into E to be accretive if 
Re[ f (Ax - Ay)] > 0 for all x and y in E and all f in F(x - y). A necessary 
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and sufficient condition for - A to be accretive is that D+[x, y; A] < 0 for 
all x and y in E. This follows easily from the fact that if z and w are in E with 
z # 0, then 
LEMMA 1. Suppose that q is a differentiable function from the interval 
[0, T) into E andfor each t in [0, T), p(t) = 1 q(t)1 . Thenp+‘(t) exists for each t 
in [0, T) and 
p,‘(t) = g+ 
(I q(t) + WWl - I q(t)0 
h 
This is proved in ([2] p. 3). 
As an immediate consequence of Lemma 1 we have 
COROLLARY 1. If u and v are solutions to (1) defined on the interval [0, T) 
andp(t) = I U(t) - v(t)1 f or each t in [0, T), then p+‘(t) = D+[u(t), v(t); A]. 
LEMMA 2. Suppose that A is a function from E into E and p is a nonincreas- 
ing function from [0, co) into (0, a) such that D+[x, y; A] < - p(r) 1 x - y I 
wheneverIxl,lyj <r.IfxandyareinEwithIxI > lylthen 
I Ax - AY I 3 I x -Y I (I x I - I Y I>-’ /;;: ~(4 dr 
and if I x I = I y ( then 
Indication of Proof. Let E be a positive number and let (s$ be a sub- 
division of [0, l] such that 
/ $W - 4 I y I + s I x I) ds - ;I ~((1 - 4 I Y I + si I x I> (si - si-d / < E. 
(3) 
For each integer i in [0, n] let zi = (1 - si) y + six and let 
ti = I y I + si(] x 1 - I y I). Note that 1 zi \ , / ziPI I < ti and 
I zi - zi-r I = (si - siJ I x - y / . Thus, 
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and so there is a Si > 0 such that if 0 < h < Si , then 
(I zt - xi-1 + h[Azf - Azf-l]I - 1 ~3 - zi-1 I) 
< (- p(ti) + e, (sf - sf-l) I x -.Y I * 
Hence, if S = min& : 1 < i < n} and 0 < h < 8, then 
) zf - Xi-1 + h[Azf - Azf-l]I < (1 - hp(tf) + he) (sf - S+1) / x - y 1 (4) 
for each integer i in [l, n]. Since 
tl lzt - zi-1 + hC4 - AZi-11) = X -y + h[Ax - Ay], 
we have by (4), (3), and the definition of ti that if 0 < h < 8, then 
I x - y + h[Ax - Ayll 






b(G) + he) (Si - Q-I> I X - y I 
[~+~~~--~~~~lyI+~~l~I-lyI~~~]~ 
- AY I < I x -y + h[Ax - Ay]l , Ix-y1 -hIAx- 
it follows that 
-hIAx-AyI <-hlx-y 
and hence, 
Since this inequality is true for each E > 0 the assertions of the lemma follow 
directly if I x I = I y I and by the change of variable r = I y 1 + s(l x I - I y I) 
iflxl >IyI. 
COROILARY 2. In addition to the st@posit;on of Lemma 2, suppose that 
Jz p(r) dr = co. Then if A is bounded on a subset B of E, B is bounded. 
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Indication of Proof. If x is in B and y in Lemma 2 is taken to be 0, then 
s 
IZI 
p(7) a7 < 1 Ax - A0 j 
0 
and it is immediate that B is bounded. 
THEOREM 1. Suppose that A is a function from E into E and p is a non- 
increasing function from [0, 00) into (0, co) such that each of the following 
holds : 
(i) A is continuous 012 E. 
(ii) jr p(r) dr = 00. 
(iii) D+[x, y; Al < - ~(7) I x -Y I ;f I x I , I Y I < 7. 
(iv) For each .z in E there is a solution uz to (1) defined on some interval 
[0, T,) such that u,(O) = z. 
Then (1) has a unique critical point x, in E and if z is in E there is a unique 
solution u, of (1) such that u,(O) = z. Furthermore, u, exists on [0, 00) and 
I uz@> - xc I < I z - xc I exp(- ~(1 z - xc I + I xc I) 4 
for each t in [0, co). 
Indication of Proof. Let z be in E and let u, be a solution to (1) defined on 
[0, T,) and satisfying ~~(0) = z. Let 0 < h < T, and for each t in [0, T, - h) 
define p(t) = 1 u,(t + h) - u*(t)1 . By C orollary 1 and supposition (iii), 
p+‘(t) = D+[uZ(t + h), u,(t); A] < 0 so that p(t) <p(O) and hence 
I u& + 4 - WI < I u,(h) - uz(O>l . (5) 
If T, < co, letting t + h, t -+ T _ , we have that h --+ O+ so that 
1 u,(t + h) - u,(t)1 + 0 and hence, l:m t+T,- uz(t) exists. From supposition 
(iv), u, can be continued past T, and it follows that u, can be defined on 
[0, oo). Dividing both sides of (5) by h > 0 and letting h -+ 0+ we have 
1 uz’(t)l < I u,‘(O)1 = 1 Az I for all t in [0, co). Consequently, 
I AuzWl = I uz’(t)l < I Ax I 
so by supposition (ii) and Corollary 2, uz is bounded on [0, co). Thus, each 
solution to (1) exists and is bounded on [0, co). Now let u, and u, be solutions 
to (1) such that u,(O) = z and u,(O) = w and let y. > 0 be such that 
1 u,(t)1 , I q,(t)1 < y. for all t in [0, co). If p(t) = 1 us(t) - q,(t)! then by 
Corollary 1 and supposition (iii), p+‘(t) = D+[u*(t), uW(t); A] f - p(ro) p(t) 
and it follows that 
I u&> - 4Ol B I z - w I exp(- ~(7~) t) (6) 
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for all t in [O,‘oc). It is immediate from (6) that there is only one solution to (1) 
satisfying a given initial condition. Let h > 0 and let w = u,(h) so that 
uW(t) = ~#(t + h) for all t in [0, co). The inequality (6) then becomes 
I u.(t) - uZ(t + 41 < I u,(O) - u,(h)l exp(- p(y,) t). (7) 
Since 1 u,(O) - u,(h)j < 2rs, (7) shows that uZ(t) tends to some limit X, in E 
as t tends to co. Dividing both sides of (7) by h > 0 and letting /r -+ Of, 
we have 1 uz’(t)l < 1 AZ 1 exp(- p(r,) t) and it follows that lim,,, u*‘(t) = 0. 
Thus, by supposition (i) Ax, = lim,,, Au,(t) = lim,,, u;(t) = 0 and so X, 
is a critical point of (1). Now let w = X, so that zr,(t) = X, for all t in [0, co) 
and (6) becomes 
I W - xc I < I z - xc I w(- P(YJ t). (8) 
In particular, 1 uZ(t) - x, 1 < 1 z - x0 I so that 1 us(t)/ < I z - x, 1 + I xc I 
for all t in [0, co) and the number Y, in (8) can be taken as 1 z - X, 1 + I x, 1 . 
Since (8) clearly implies that there is only one critical point of (l), the proof 
of Theorem 1 is complete. 
Remark. The above Theorem contains the Corollary following Theorem 1 
of Markus and Yamabe in [4] (see Example 4 of this paper and Example 4.1 
of [5]). Instead of the supposition (ii), Markus and Yamabe require that 
for each E > 0. They also require that A is continuously differentiable and 
that E is a finite dimensional Hilbert space. Note that (9) implies that (ii) holds 
and if p(y) = (1 + r)-l, then p satisfies (ii) but not (9). 
Remark. Supposition (ii) of Theorem 1 was used only to show that each 
solution to (1) was bounded on [0, co). If, instead of (ii), we suppose that (1) 
has at least one bounded solution ZI on [0, co), then by supposition (iii) and 
Corollary 1, if zf is a solution to (I), 1 u(t) - v(t)/ < 1 u(0) - v(O)1 for all t in 
[O, co). Hence each solution to (1) is bounded so that the conclusions of 
Theorem 1 remain valid. 
COROLLARY 3. In addition to the suppositions of Theorem 1 suppose that 
(v) For each y in E the d@mentiaZ equation u’(t) = Au(t) - y has a 
solution u, defined on some interval [0, T,) such that u,(O) = z. 
Then A is a bijection from E into E and if C is a bounded subset of E, there is an 
r, > 0 such that I A-lx - A-ly 1 < p(r,,-l 1 x - y I for all x and y in C. 
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Remark. Note that if E is finite dimensional then (i) implies (iv) and (v). 
If E is not finite dimensional then (i) does not imply (iv). In particular 
instances (i) and (iii) imply (iv) and (v), but it does not seem to be known 
whether (i) and (iii) imply (iv) and (v) in general. 
Indication of the Proof of Corollary 3. If Bgx = Ax - y for each x in E, 
it is easy to check that BY satisfies each of the conditions of A in Theorem 1. 
Consequently, there is a unique x, in E such that Bux, = 0. Hence, Ax, = y 
and it is immediate that A is a bijection. If C is a bounded subset of E and 
C’ = A-l(C), then A is bounded on C’ so by Corollary 2, there is an r0 > 0 
such that 1 x / < r,, for all x in C’. It follows easily from Lemma 2 that 
1 Ax - Ay 1 >, p(r,) 1 x - y / for all x and y in c’. The last assertion of the 
corollary is now evident. 
EXAMPLE 3. Suppose that p satisfies supposition (ii) of Theorem 1 and 
that A is a function from E into E which has a Frechet derivative dA(x) at 
each point x in E and dA is bounded on bounded subsets of E. Let 11 . 11 and 
p[.] be as in Example 1 and suppose that p[dA(x)] < - p(J x 1) for each x in 
E. If x and y are in E, it follows from the mean value theorem that 
I~-y+h[Ax--y]l=l(I+hA)x-((I+hA)yI 
G I x -Y I SUPW + hWz,)ll : z, = (1 -B) x + Py, 
0 <P Q 1). 
Since dA is bounded on bounded subsets of E, it follows from ([5] Proposition 
2.1) that for sufficiently small h > 0, 
II I+ hdA(x,)ll = 1 + hp[dA(z,)] + O(h2). 
Consequently, D+[x, y; A] < - p(r) I x - y 1 whenever 1 x I , I y / < r and 
the conclusions of Theorem 1 and Corollary 3 are valid. 
EXAMPLE 4. Suppose that E is a Hilbert space and A has a Frechet 
derivative dA(x) at each point x of E and dA is bounded on bounded subsets 
of E. Since p[dA(x)] = sup(X(x)/2 : A( x ) is in the spectrum of dA(x) + dA(x) *} 
(see ([5] Proposition 2.2)), we have by Example 3 that if h(x) f - 2p(l x I) 
where p is as in Theorem 1, then the conclusions of Theorem 1 and Corol- 
lary 3 are valid. More generally, if P is a positive definite self-adjoint linear 
function from E into E and each member &.(x) of the spectrum of 
P * dA + dA* * P satisfies the inequality &p(x) < - 2 11 P )I p(l x I), then the 
conclusions of Theorem 1 and Corollary 3 are valid if one replaces the norm 
j.)onEbytheequivalentnormI.I,whereIx(,=ISxIandSisthe 
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